The existence of acoustic, Rayleigh-Bloch modes in the vicinity of a one-dimensional periodic array of rigid, axisymmetric structures is established with the use of a variational principle. Axisymmetric modes at frequencies below the cut-off frequency are shown to exist for all piecewise smooth structures and non-axisymmetric modes are found for a class of structures whose radial dimension is sufficiently large compared to the structure spacing. The theory is illustrated with numerical calculations of the wave numbers of Rayleigh-Bloch modes for an array of circular plates. An integral equation for the acoustic wave-field in the neighbourhood of such an array is obtained and solved with the use of a Galerkin technique, which builds in the singularity in the derivative of the field at the rim of the plate.
Introduction
Acoustic resonances are readily observed in axial flow compressors and this has led to many detailed investigations into the conditions for their existence. In particular, Parker (1) observed such resonances experimentally, in two-dimensional channels which contain arrays of parallel plates. He subsequently made numerical calculations of the frequencies of the oscillations (2) and this has led to them being referred to as Parker modes, particularly in the mechanical engineering community. Over the next two decades, he and several of his coworkers made both theoretical and experimental investigations into the types of resonances that can exist and a review of the work in this area is given in Parker & Stoneman (3) .
In the following decade, resonances in two-dimensional waveguides were rediscovered by Evans and his co-workers, originally in the context of water waves which are trapped around vertical cylinders in channels. In a series of papers, Callan et al (4) , Evans & Linton (5) , McIver (6) and Evans (7) established the theoretical existence of these resonances and made numerical calculations of their frequencies. They showed that both the acoustic and the water-wave channel problems reduced to the determination of the eigenvalues and eigenmodes of the two-dimensional Laplacian in a locally perturbed, infinite strip. When Dirichlet boundary conditions are applied on the channel walls, or a Dirichlet condition is applied on one wall and a Neumann condition on the other, there is a cut-off frequency below which waves are unable to propagate down the guide. In the latter case, Evans et al (8) used a variational principle to prove that trapped modes exist in the vicinity of a structure attached to the Dirichlet wall. (Such modes are equivalent to antisymmetric resonances near a symmetric body which is symmetrically placed on the centreline of a hard-walled channel.) The existence of localised oscillations in parallel plate waveguides was also established in the electromagnetic context by Werner (9) . In fact, the theoretical study of the eigenvalues of the Laplacian in semi-infinite domains has been made as early as Jones (10) .
Acoustic resonances are also found when quasi-periodic boundary conditions are applied on the channel walls. In this case, they are known as Rayleigh-Bloch waves and represent waves which propagate along, and are confined to the vicinity of, an infinite, periodic array of rigid structures. Numerical calculations of such modes for arrays of plates were made by Evans & Fernyhough (11) and for arrays of cylinders with elliptical cross-section, by Porter & Evans (12) . More theoretical investigations into the conditions under which such modes exist for arrays of structures have been made by Evans & Linton (13), Bonnet-Bendhia & Starling (14) and Linton & McIver (15) .
Trapped acoustic modes do not just exist in two-dimensional, parallel plate waveguides and much of the original experimental work concerned plates distributed at equal angles around an annular waveguide, as this is a good model of the blades in an aeroengine. Such modes are described in the review by Parker & Stoneman (3) and were investigated numerically by Koch (16) . The existence of modes around structures such as plates or spheres in circular, cylindrical waveguides, has also been investigated by Ursell (17) , Duan & McIver (18) and Hein & Koch (19) . If the cross-section of the cylinder is a parallelogram rather than a circle and periodic boundary conditions are imposed on opposite sides, the problem reduces to the determination of oscillations which are trapped in the vicinity of a two-dimensional array of structures. Numerical calculations of such modes for a planar array of spheres were made by Thompson & Linton (20) . They also made calculations of axisymmetric resonances which are trapped in the vicinity of a one-dimensional array of spheres in three dimensions. It is not so clear that modes should be expected for such an array or whether the energy should leak to infinity. The purpose of this work is to prove that axisymmetric, trapped modes exist for one-dimensional, periodic arrays of axisymmetric, piecewise smooth structures and that non-axisymmetric modes exist provided that the radial dimension of the structure is sufficiently large. This last condition is not satisfied by the array of spheres considered by Thompson & Linton (20) and so the theory is illustrated by numerical calculations of the wave numbers of Rayleigh-Bloch modes for an array of circular plates.
Existence of Rayleigh-Bloch modes in one-dimensional arrays
Acoustic resonances are sought which are trapped and propagate along a one-dimensional, periodic array of rigid, axisymmetric structures. A typical configuration, such as spheroids with centres in a line, is illustrated in figure 1 . Coordinates are chosen so that the z-axis is the axis of symmetry and the region ρ ≤ a, ρ The acoustic wave-field within D, at non-zero, angular frequency ω is given by U (ρ, θ, z, t) = Re[u(ρ, θ, z) exp(−iωt)], where u satisfies In addition, u is assumed to satisfy the quasi-periodic conditions
for some real value of β. The motion outside the region D may be obtained by extending the solution in a quasi-periodic way, as
From the form of (2.3) and (2.4) it is sufficient to assume that 0 ≤ βd < 2π and, if the individual structures are symmetric in z, βd may be restricted to lie in the range 0 ≤ βd ≤ π, because if u(ρ, θ, z) is a mode associated with a value of βd in this range, then u(ρ, θ, −z) is a mode associated with a value of βd in the range π ≤ βd ≤ 2π. Motion is sought which is trapped in the vicinity of the array and so
and u is called a Rayleigh-Bloch mode. The form of the wave-field in D 1 for such a mode is given by
where K m (z) are the modified Bessel functions,
A mn are some fixed coefficients. For this expansion to be valid and contain no incoming or outgoing waves, all of the γ n must be real and non-zero, or the coefficients A mn , which correspond to imaginary values of γ n , must be zero. In this work, it is assumed that the first of these conditions is satisfied and that the individual structures are symmetric in z. So
The value β 2 is the lowest point of the continuous spectrum and as it is non-zero it represents a cut-off, below which Rayleigh-Bloch modes may be sought with a variational principle, following the work of Evans et al (8) and Linton & McIver (15) . The infimum of the Rayleigh quotient,
over all functions ψ which are square integrable, have derivatives which are square integrable and satisfy (2.3), represents the lowest point of the essential spectrum. As β 2 is the lowest point of the continuous spectrum, if a test function ψ is found for which Q[ψ] < β 2 , a Rayleigh-Bloch mode must exist at an eigenvalue below this cut-off. If this test function has an angular variation of the form
then Rayleigh-Bloch modes with that particular angular variation exist. Numerical calculations of axisymmetric modes (q = 0) which propagate along a one-dimensional array of spheres have been made by Thompson & Linton (20) , but they were unable to find any non-axisymmetric modes. This is shown to be consistent with the results proved in this section, where the existence of axisymmetric modes is established for arbitrary arrays of structures. However, the existence of non-axisymmetric modes is proved only for arrays in which the radial dimension of one of the structures is sufficiently large compared to the structure spacing, and this is not possible when one of the structures is a sphere. Numerical calculations of both axisymmetric and non-axisymmetric Rayleigh-Bloch modes for arrays of circular discs are made in §4.
The test function
is chosen, where J q is the Bessel function of the first kind of order q and j q,1 is its first positive zero. By construction, this function is continuous on ρ = a, satisfies (2.3), is square integrable and has square integrable derivatives. Essentially it represents a z-independent standing wave between a pair of circular cylinders, which does not penetrate into the outer region at all. The region D 2 is bounded by two circular cylinders, each of radius a. The length of the smaller cylinder, C L , is given by d − b, where b is the maximum width of the structure and the length of the larger cylinder, C U is d. From (2.9), it is straightforward to show that
where ∂C U is the boundary of the larger cylinder, ∂/∂n is a derivative in the outward normal direction to C U and the definition of φ in D 2 is extended to the whole of 
As β 2 d 2 < π 2 it is impossible to use this test function to establish the existence of modes for arrays of spheres.
The numerical evidence found by Thompson & Linton (20) is that axisymmetric RayleighBloch modes exist for arbitrary arrays of spheres. However, they found that these modes penetrate a large distance away from the array before decaying to zero so, in order to establish their existence, it is desirable to choose a test function that has this property. Such a function is given by 16) where > 0 is a constant to be chosen. For << 1 this function is a perturbation of the plane wave exp(iβz) which has an amplitude that decays slowly to zero as ρ → ∞ and is modified by the addition of a small portion of a radial, standing wave in the inner region. By construction, ψ is continuous on ρ = a, satisfies (2.3) and is square integrable and has square integrable derivatives. Some elementary calculations in (2.9) give
is positive, and so it is possible to choose sufficiently small such that Q[χ] < β 2 . There is no restriction on the geometry of the structure, provided that it is piecewise smooth, axisymmetric and symmetric in z, and so axisymmetric Rayleigh-Bloch modes exist below the cut-off for all one-dimensional arrays of such structures.
A one-dimensional array of circular plates
A Rayleigh-Bloch mode u q (ρ, z) exp(iqθ), associated with a one-dimensional array of circular discs, is sought by writing down an eigenfunction expansion for u q (ρ, z) in each of regions D 1 and D 2 and matching u q and ∂u q /∂ρ on ρ = a to give an integral equation for v q (z) = ∂u q (a, z)/∂ρ. This is then solved using a similar Galerkin procedure to that used by Porter & Evans (21) which builds in the expected singularities in ∂u q /∂ρ at the rims of the plates.
In
where K q is a modified Bessel function of the second kind,
and
3)
The individual eigenfunctions in the expansion of u q in D 1 automatically satisfy the Helmholtz equation (2.1), the quasi-periodicity conditions (2.3) and (2.4) and the far-field condition (2.6).
is written as the eigenfunction expansion
where I q is a modified Bessel function of the first kind,
The individual eigenfunctions in the expansion of u q in D 2 automatically satisfy the Helmholtz equation (2.1) and the body boundary condition (2.2). The coefficients A n and B n in the inner and outer expansions in (3.4) and (3.1) are determined from equating u q and ∂u q /∂ρ on ρ = a. The two expansions for u q are equated on ρ = a to give
and the two expansions for ∂u q /∂ρ are equated on ρ = a, 0 < z < d, to give
say, under the assumption that A 0 = 0. Multiplication of (3.9) byψ 10) where the kernel of the equation is given by
The side condition
is obtained by multiplication of (3.9) by ψ There is a square root singularity in ∂u q /∂ρ at the rim of each of the plates, which translates into a square root singularity in v q (z) at z = 0 and z = d. Thus, it is convenient to map the interval 0 < z < d onto the interval −1 < s < 1 by writing
and then build the singularities into v q by writing 14) where T m (s) are the Chebyshev polynomials and C m are coefficients to be determined from (3.10) . This integral equation is mapped onto the interval −1 < s < 1 and then multiplied by
1/2 in turn, and integrated over −1 < s < 1, to generate the pair of equations
where
The side condition (3.12) then reduces to Figure 2 illustrates the variation of the axisymmetric, Rayleigh-Bloch wave number kd with the plate size d/a, for a fixed value of the Bloch number, βd = π. This value of βd = π may be used to generate the trapped mode, φ tm , for a circular plate on the centreline of a three-dimensional, parallel-plate wave guide, by writing φ tm = φ(ρ, θ, z) + φ(ρ, θ, d − z). The mode φ tm satisfies Neumann boundary conditions on the walls of the guide and a Dirichlet condition on the remaining part of the centreline. In agreement with the existence results established in §2, at least one axisymmetric mode is found, irrespective of the value of d/a. The wave number for this mode tends to βd as the ratio of the radius of the plates to the distance between a pair of plates tends to zero, ie as d/a → ∞. Essentially, the mode represents a wave which propagates along the z-axis and has an amplitude that decays slowly in the radial direction. However, for sufficiently small d/a, further branches of modes are possible and these have wave numbers which are similar to the wave numbers of z-independent standing waves, which exist between pairs of plates and satisfy Dirichlet boundary conditions on ρ = a. These are given by the straight lines, kd = j Figure 3 illustrates the variation of the Rayleigh-Bloch wave number kd with the plate size d/a, for βd = π, but for non-axisymmetric modes associated with the azimuthal variation given by q = 1. As expected, modes are found only for sufficiently small values of d/a, ie for plates whose diameters are sufficiently large compared to their separation. The large plate approximation predicts that there are modes for d/a ≤ π/j 1,s ≈ 0.82, however the full numerical prediction shows that modes are possible for d/a 1.12. Although modes do not exist for all values of d/a, as they do for the axisymmetric case, more and more branches of modes are possible as d/a → 0. The lowest branch of modes illustrates a nonlinear relationship between kd and d/a, but the higher branches are closer to straight lines and may be compared to the wave numbers associated with z-independent standing waves between the plates, which have azimuthal variation e iθ . These curves are given by kd = j 1,s d/a, s = 1, 2, . . . and are the dashed lines in figure 3 . Figure 4 and 5 illustrate the variation of the wave number kd with d/a for modes with azimuthal variation given by q = 0 and q = 1 respectively, but for βd = 3π/4. It is not so easy to interpret this value of βd in terms of a wave-guide problem but nonetheless it still corresponds to guided waves along a periodic array of plates, and at least one branch of axisymmetric modes exist for all values of d/a. Figure 6 and 7 illustrate the variation of the wave number kd with the Bloch number βd, for closely spaced plates, given by d/a = 0.1 and for azimuthal variation given by q = 0 and q = 1 respectively. There are 10 branches of axisymmetric modes found and 9 branches of modes with azimuthal variation exp(iθ) and all have values of kd < βd. A simple explanation for the number of branches of modes comes from the small gap approximation and it is given by the number of values of s such that j qs d/a < π. In addition, apart from near the cut-off, the wave number kd does not vary much with βd. This is consistent with the assumption that most of the motion is contained within the plates and does not propagate to the outside region. So for values of βd which are not small, the mode is not greatly affected by the precise form of the quasi-periodicity condition in the outer region. However, kd → 0 as βd → 0 for axisymmetric modes and no modes are found when q = 1 for βd 0.2.
Conclusion
In this work, the existence of acoustic, Rayleigh-Bloch modes in the vicinity of a onedimensional periodic array of axisymmetric structures is established with the use of a variational principle. At least one branch of axisymmetric modes is shown to exist at frequencies below the cut-off frequency and non-axisymmetric modes are found for classes of structures whose radial dimension is sufficiently large compared to the structure spacing. an array of circular plates. An integral equation for the acoustic wave-field is obtained and solved using a Galerkin technique which builds in the singularity in the derivative of the field at the rim of the plate. Numerical calculations of several branches of axisymmetric and non-axisymmetric modes are made for a range of plate sizes and spacings, An approximation of the wave number is obtained for closely spaced plates and a comparison is made with the full numerical results.
